An Introduction to Dynamic Programming

00000000 (MObM)ODo0D0OOooDooO

t = 1: initial state s; € S (exogenous), choose a; € A

get reward r(ay,s1) € R

t = 2: state is generated by s2(a1,s1). Choose as € A

get reward r(as, s2)
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G = ({17 2}7 Ala A27 uz, u2)
Focus on Player ¢ as the DM

Player j’s strategy (s;i1,s;2) determines states

sj1 € Aj: initial state
next period state sjo : A; x A; — A;

set of DM’s feasible actions A = A;

reward function u; : A; x A; — R
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A, 0000000000000000O0

max {ui(ail, Sjl) + U; (@7;2, 5j2(a7;17 5j1)>} — f(Sjl)-

a;1, a;2€A;

(f(s;1) O Optimal value function 0 0 0 O O [
HREEERE

max {ui(aﬂ,sﬂ) + U; (ai273j2(a75173j1))}

a1, a;i2€A;

= INnax {ui(ail,sﬂ) + max u; (aig,sjg(ail,sﬂ))}.

a;1€A; a;2€A;
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Backward Induction

Optimal value function O 0O O 0O O O

f(Sjl) = max {Uz‘(au, 8j1) + fo (8;‘2(%‘1, 8j1)) }7

a;1€A;

J2 (5j2(a7;175j1)> = max u; (ai275j2(ai173j1))'
ai2€A;

oottty
oot
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Infinite Horizon Dynamic Programming

bbbttt btgdn

t = 1: initial state s; € S. Choose a1 € A. Get reward u(aq, s1).
t = 2: state transition function s; : {4 x S}t — S

Choose a; € A based on the history h;_1 € {A x S}~1.

— choose a strategy a = (a1, as9,...,)
a1 €A, a; {Ax SY1 A t=23,....
a sequence of transition functions s = (s1,s2,...) 0000000

(O O other players’ pure strategy combination)
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a 81 Z5t L. Clt ht St(ht))a

Where hl = (CLl,Sl) and ht = (at(ht_l),st(ht_l)).

Optimal value function

f(s1) :=supV(a;sq).

a
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Unimprovable Strategy in One Step

Def. Fix an initial state s; and a strategy a.
For each t = 1,2, ... and each history until ¢-th period,

consider a one-step deviation strategqy : chooses a different action in

period t from a but follows a from ¢ + 1-th period on.

If no one-step deviation strategy gives a greater total discounted

payoff than that of a,

then a is called unimprovable in one step.
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Lemma. Fix an initial state s;. If a strategy a is unimprovable in

one step, then it is unimprovable in any finite steps.

Proof. Unimprovable in one step [ [

V(a;s1) = max {u(xl, s1) + 6V (a(xy,s1); s2(x1,51))],

Z1

O0000a(xy,s1) 0 continuation strategy 00 0 00 sa(x1,81) 0
initialstateDDDDDCLg({L‘l,Sl)EADDDDDDDDDDD a [l
J0dogdononon

h1 = (x1,s1) 0 0 O unimprovable in one step O [

V(@(h); sa(h)) = max| w(ws, s2())

L2

+ 5V(a(x2, s2(h1)); s3(z2, 52(h1)))} ,
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[u r1,81)+0- maX{u T2, 82(1, 51))

a :Ug, S9 $1, 81)); 33(5527 52(3517 51)))}}

— maX {u :131,81 + (5u(332782($1,81))

+ 0V (a(z2, s2 $1,S1));33(332782(931781)))}-

OO0 00a O unimprovable in two stepsU D OO0 OO0 000000
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Proposition. Fix an initial state s;. If a strategy a is

unimprovable in one step, then a is an optimal strategy that
attains f(s1).

Proof. 00 OO0OOOOMOOal unimprovable in one step O U [
optimal 0000000000000 xOex>000000

Vias;sy) + 2¢ < V(x;s1).

Jodbodtdideddggododoobo 77000t xtdnn
7o yoooooooood
Jubgdootdbootdbood

V(x,51) —e = V(y,s1).
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V(a;s1) +e=V(y,s1).

D000y UOTOOUOO aUdOOOOO0UOO0O00OO0O00OO0O Lemma,
00 al unimprovable in finite steps U O O OO0 OO0 O0OOO []
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